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Technical Comments

Comments on “A Note on the General
Solution of the Two-Dimensional Linear
Elasticity Problem in Polar
Coordinates”

; C. W. Bert*
Unaversity of Oklahoma, Norman, Okla.

N a recent technical note, W. Z. Sadeh® claimed to have

found four new solutions to the biharmonic equation. How-
ever, these solutions are not new. For example, the first
three of them can be found in Ref. 2, and the fourth can easily
be obtained from the third by a simple 90° rotation of the
coordinate axes. Also, all four were given in Ref. 3.

There appear to be three kinds of solutions of the bihar-
monic compatibility equation: 1) those having periodic
stress components and periodic displacements, 2) those having
periodic stress components and nonperiodic displacements
(called Volterra-type dislocations? if the origin lies within the
body), and 3) those having nonperiodic stress components and
nonperiodic displacements.

All three types were included in the stress functions in Refs.
2 and 3, whereas Ref. 5 included only the first two types. A
derivation of the complete form for two-dimensional stress
functions having periodic stress components was presented in
Ref. 6.

Nonperiodic stress components have been discussed in de-
tail in Refs. 7-9. As mentioned in Ref. 7, the difference be-
tween the Volterra-dislocation type of solution (type 2) and
type 38 is that the former is associated with purely rigid-body
displacements whereas the latter is associated with elastic
displacements. Reference 8 discussed type 3 solutions under
the condition that the traction on a stationary surface of dis-
continuity be continuous. It also pointed out that in the
type 3 solution, the location and shape of the dislocational
barrier must be specified. Reference 9 discussed type 3 solu-
tions in which even the surface tractions were not required to
be continuous.

It is interesting to note that Ref. 2 presented some solutions
of the biharmonic equation which were not included in any of
the other references. Recently, Ref. 10 has presented couple-
stress-function solutions, which, in two-dimensional couple-
stress elasticity, couple with all of the solutions of the bihar-
monic equation given in Ref. 2.
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Comment on “A Note on the General
Solution of the Two-Dimensional
Linear Elasticity Problem in
Polar Coordinates”

B. I. Hyman*
The George Washington University, Washington, D.C.

HE author’s! inference that he has obtained the general
solution to the biharmonic equation is misleading. It is
easy to show? that the general solution to V@ = 0 ig

® = filzx + ) + fole — @) + afs(z + @) + afile — 3y)
or, in polar coordinates,
® = f; (re?) + f» (re= ) 4 rcosffs (re'?) + rcosff.(re=®)

where fi, fo, f5, and fi are arbitrary functions of their argu-
ments. It is apparent from the discussion by Timoshenko,?
that the only terms he included in his so-called “general solu-
tion” are terms which represent solutions of known physical
significance. In fact, Timoshenko includes in his expression
the term dor?0 which does not appear in Michell’s* original
work but which does represent the stress function for a known
problem. Neither Timoshenko nor Michell indicate a mathe-
matical procedure for arriving at their results.

A separation of variables solution to the biharmonic equa-
tion is presented in Ref. 5 where the solution is assumed to
be of the form

& = F(r)G0)

with G(6) represented by either sin 7.8 or cos nf. Introducing
a new variable { = Inr, and assuming that

F = KeM
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1t is shown in Ref. 5 that solutions are obtained when

A=n A= —n A=2+4+n

)
A=2—n

Because of the double roots which occur whenn = Qorn = 1,
the solutions for F(r) are shown to be of the following three

forms:

It

0 P = ap+ by lor 4 cgr? 4 dor? Inr
=1 F{r)y = awr + bi/r + cr® + dyr lnr (2)
> 2 F(r)y = aum 4 by F cr?te + 2

The stress functions obtained from these expressions do not
include the following terms which appear in Timoshenko’s
“general solution’:

D, = dpr’0

n
n
n

CI’Q = ao'ﬂ
3
®; = (a1/2)rf sind Py = —(c1/2)rf cosb

In an unpublished M.S. thesis, Zuercher S utilizing the same
separation of variables approach as was later used in Ref. 5,
showed that it is not sufficient to consider the multiple values
of A in Eq. (1) which occur when n takes on the valuesn = 0
andn = 1. To get a complete solution, it is also necessary to
consider the multiple values of n which oceur when A takes on
the values A = 0 and N = 1. This yields, in addition to all
the terms in Eq. (2), the terms which lead to the stress func-
tion given in Eq. (3) plus the four “new’” terms given by
Sadeh.!

Zuercher obtained additional solutions to the biharmonic
equation by assuming a separation of variables solution in the
form

® = Fi(r)Gi(0) + Fo(r)Go(6)

where it was not necessary for each term itself to be bihar-
monic. In particular he considered

cosaf]

) sinaf)
sinaf§ T 6{

P = r lnr «i cosaf f

and this led to solutions of the form

P, = f.[r* Inr cosnd — 0 sinnf]

Py, = g,[r Inr cos(n — 2)8 — mb sin(n — 2)6] @)
®; = h,[r lor sinnf -+ 0 cosnd)

Py = gyl lnr sin(n — 2)0 4 B cos(n — 2)6]

where, except for the special cases of n = 0 and n = 1, each
expression in brackets must be taken in its entirety. With
regard to the physical significance of any of these “new”
terms, Hyman” showed that the stress functions for three
problems listed in Timoshenko (problems 17, 20, and 21 of
Chap. 4) when written in polar form contain terms that are in-
cluded in Eq. (4).
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Comment on <A Note on the General
Solution of the Two-Dimensional
Linear Elasticity Problem in
Polar Coordinates”

Frepmric Y. M. Wan*
Massachusetts Institute of Technology, Cambridge, Mass.

HE additional solutions to the two-dimensional bihar-

monic equation in polar coordinates found by W. Z.
Sadeh in Ref. 1 have been known for several decades!
Applications of these solutions to slit plates and ring plate sec-
tors can be found in Refs. 2, 3, and elsewhere.
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Reply by Author to the Comments by
C. W. Bert, B. 1. Hyman, and
F.Y. M. Wan

W. Z. SApEH*
Brown University, Providence, R. I.

HE author is indebted to C. W. Bert, B. I. Hyman, and

Y. M. Wan for their useful and very pertinent comments.
Unfortunately it was only after the publication of the Tech-
nical Note that the author became aware of an earlier similar
solution by Filonenko-Borodich,! through a private com-
munication from P. H. Francis (Senior Research Engineer,
Department of Mechanical Sciences, Southwest Research
Institute, San Antonio, Texas). Inaddition to this reference,
the following bibliography is presented for those readers
wishing to acquaint themselves further with the subject.
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